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REPRESENTATION THEOREMS FOR
NONLINEAR DISJOINTLY ADDITIVE FUNCTIONALS
AND OPERATORS ON SOBOLEV SPACES(Y)
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ABSTRACT. An abstract characterization is obtained for a class of nonlinear
differential operators defined on the subspace S = Wj?[a, b] of the kth order
Sobolev space Wela,bl, 1 € k,1 € p < 0. 1tis shown that every mapping
T: S = L'[a,b] which i Js local, continuous and D¥-disjointly additive has the
form (Tu)(r) = H(t, D*u(t)), where H: [a,b] X R > Risa functlon obeying
Carathéodory conditions as well as (¥) H(-,0) = 0. Here D*-disjoint additiv-
ity means T(u + v) = Tu + Tv whenever (D*u)(D*v) = 0. Likewise, every
real functional N on S which is continuous and D*-disjointly additive has the
form N(u) = f Tu, with T as above. Liapunov’s theorem on vector measures
plays a crucial role, and the analysis suggests new questions about such
measures. Likewise, a new type of Radon-Nikodym theorem is employed in
an essential way.

0. Introduction. In this paper we develop a representation theory for certain
classes of nonlinear functionals and nonlinear operators on the spaces W (I),
where k is a positive integer, p satisfies 1 < p < o0, and [ is the interval [0, 1].

Recall that W?(I) denotes the Sobolev space

WP(I) ={u € I’(I): D'u € IP(I),1 <j < k),

where D/u denotes the jth order distribution derivative of u. (All functions
here are taken to be real.) It is known that a function u belongs to WF(I) if
and only if it is equivalent to a function in C¥~'(7) whose (k — 1)st denvatlve
is absolutely continuous and whose kth derivative belongs to I”(1). Hereafter
any function from WZ(I') will be assumed to be the continuous representative
of its equivalence class. The space W”(I) is a Banach space under the norm

k .
0.1) "u”WkPU) = j§0 ”Dju”Lp(l)-
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2 MOSHE MARCUS AND V. ). MIZEL
The subspace W?(I) C W7 is defined by
WP(I) = {u € WP(I): D/u(0) = D/u(1) = 0,1 <j < k—1}.

In W?(I) the norm (0.1) is equivalent to

02) julg, = ID*ull,p(py-

It is well known that every continuous J/inear functional L on Vi{f I)y1<p
< o0, has a representation of the form

0.3) Lu = fl gD*udm,

where g is a function in IZ(I) (1/p + 1/p’ = 1) and m denotes Lebesgue
measure. This representation is also valid in the case p = oo if L is (bm),-
continuous, where (bm), denotes the topology of bounded k-convergence on
W (1) which is defined as follows. A sequence {u,} is (bm),-convergent
provided that it is bounded in W norm and that {D’u,} converges in
measure, for 0 < j < k. A set is closed in (bm), topology provided that it is
sequentially closed with respect to (bm),-convergence. The topology of
bounded convergence in measure on L*(I) = W;°(I) will be denoted by
(bm).

The aim of this paper is to provide nonlinear extensions of the representa-
tion theorem described in (0.3). To describe these results it is necessary to
introduce some notations and terminology. Let H be a real function on I X R.
If f is a real function on I then Hf denotes the function given by Hf(r)
= H(t,f(¢)),t € I. A function H as above is said to be normalized if
H(-,0) = 0. Note that if H is normalized and f, g are real functions on [ then

0.9) H(f+ g) = Hf + Hg provided f- g = 0.
A function H: IXR — R is called a Carathéodory function if H(-,a) is
measurable for every a in R and H(t, -) is continuous for almost every ¢ in 1.
Every Carathéodory function has the property that Hf is measurable whenever
fis measurable. For 1 < p < oo we denote by Car” the family of functions
{H } satisfying:
©05) {H is Carathéodory function on I X R,

' Hf € L'(I) whenever f € IP(I).

Now suppose that H is a normalized function in Car” and define the
functional M on W?(I) by

(0.6) M@) = f1 H(D*u)dm, u € WP{).
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It then follows from known results concerning Carathéodory functions (see [7,
Chapter 1, §2]) that M is continuous on W?(I) (and (bm),-continuous, if
p = o). In addition, it follows from (0.4) that if u, v € W(I) then

0.7) M(@u +v) = M(u) + M(v) whenever D¥u - D*v = 0.

This property of the functional will be called D"-disjoint additivity; in the case
= 0 it will be called simply disjoint additivity.

Our first main result states that, conversely: Every functional on WP (I) which
is continuous ((bm),-continuous, if p = o) and D*.disjointly additive has a
representation of the form (0.6), where H is a normalized function in Car®.

A parallel result holds for operators: If I Vf{(” (1) = L}(I) is an operator
which is continuous ((bm),-continuous, if p = o) and Dk-disjointly additive and
if, in addition, I is “local” in the sense that ¥((u) vanishes wherever D*u vanishes,
then there exists a normalized function H in Car? such that

(0.8) H(u) = H(D*u) forallu € WP(I).

Disjointly additive functionals and operators, defined on various Banach
spaces of measurable functions forming a complete lattice, have previously
been characterized by several authors. This family of Banach function spaces
includes the I” spaces as well as Orlicz spaces. However, it does not include
such Banach spaces as Sobolev spaces, and the methods utilized have always
depended crucially on the completeness of the lattice structure (see, e.g., [10],
[11], [5]). (For the case of transformations on the Bochner spaces of vector-
valued functions I7(I; B) see [12].) Similar results have been obtained for
functionals and operators on spaces of continuous functions which satisfy a
notion of additivity somewhat stronger than that of disjoint additivity (see, for
example, [4], [2], [1]).

The results which we have stated can be reformulated as representation
theorems for disjointly additive functionals (and operators) whose domain is
a certain closed subspace of IF(I'). In fact this reformulation is essential in our
treatment of the representation problem. Thus a natural way of developing the
desired representation theorem for functionals would be the following: First
extend the given functional to the entire space L7, preserving its properties of
continuity and disjoint additivity. Then utilize the representation theory for
additive functionals on I?(I') which was mentioned above, in order to deduce
the representation (0.6). However, in general a disjointly additive, continuous
functional on a closed subspace of I7(I) need not have an extension to all of
I?(I) which preserves these properties. For instance, one can construct
continuous functionals on the subspace consisting of first order polynomials
(where every functional is, vacuously, disjointly additive) which do not have a
continuous, disjointly additive extension to all of I?(I). This suggests that the
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existence of an extension depends on the specific properties of the closed
subspace and of the functional defined on it. Thus, our proof of the existence
of an extension is, to a large extent, a by-product of the construction of a
kernel representation, rather than an aid in its proof.

A crucial step in proving the existence of a kernel H satisfying (0.6) involves
a Radon-Nikodym type theorem for functions whose domain is a subset of
7 X 7 where 7 denotes the o-algebra of Lebesgue sets in 1.

The plan of the paper is as follows. In §1 we show that the main results can
be reformulated in terms of disjointly additive functionals (resp. operators) on
a closed subspace of If(I), namely, on O} = {f € I’(I): §, fdp, = 0},
where dy, = (dm,tdm,... ,t*~'dm). In §2 we discuss algebraic properties of
disjointly additive functionals. Some properties of the vector-valued measure
py are derived in §3. The proof of the main result for disjointly additive
Junctionals is then developed in §§4-9. This proof depends on two main
auxiliary results. The first is the Radon-Nikodym type theorem mentioned
earlier which is proved in §§5 and 6. The second is a representation theorem
for w,-invariant, disjointly additive functionals, which is given in §7. The proof
of the main result for disjointly additive operators is developed in §10.

1. Statement of main results. We start with some definitions and notations.

Let H, H' be two real functions on I X R. We shall say that H and H’ are
equivalent if, for every real a, H(t,a) = H'(t,a) a.e. in I. If H and H’ are
Carathéodory functions, then they are equivalent if and only if there exists a
set T in 7, with m(T) = 1, such that

H(t,a) = H'(t,a), V(t,a) € TXR.
If fis a real function on I we denote by H; the function with domain / X R
given by
(1.1) H{t,a) = af (1), V(t,a) € IXR.
Our main results are formulated in the next two theorems.

THEOREM 1.1. Let M be a functional on WP(I), (1 < p < o0,k a positive
integer) possessing the following properties:

() M is D*-disjointly additive.

(ii) M is continuous with respect to the WF norm, if 1 < p < oo, and with
respect to the (bm), topology, if p = oo.

Then there exists a normalized function H: I X R = R which belongs to Car?
such that

(12) M) = fl H(D*u)dm, Yu € WP(I).
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If H is a normalized Carathéodory function satisfying (1.2) and if q is a
polynomial of order less than k, then H + H, is also a normalized Carathéodory
function and satisfies (1.2). Conversely, if H and H' are two normalized
Carathéodory functions satisfying (1.2) then there exists a polynomial q of order
less than k such that H' — H is equivalent to H,.

Finally, if M is a functional on W?(I ) defined by (1.2), where H is a normalized
Junction in Car?, then M satisfies conditions (i) and (ii).

THEOREM 1.2. Let §: WP(I) - L'(I), (1 € p < o, k a positive integer) be
an operator satisfying the following conditions:

(i) 8 is D*-disjointly additive.

(i) If 1 < p < o0, 8 is continuous with respect to the norm topologies; if
p = o0, 8 is continous with respect to the (bm), topology of W (I') and the norm
topology of L'(I).

(iii) 8 is D*-local, i.e. for every u in WF(I), 8(u) vanishes whenever D*u
vanishes.

Then there exists a normalized function G: I X R — R, belonging to Car® such
that

(1.3) 8(u) = G(D*u),  Vu € WP(I).

The function G is unique up to equivalence.
If8: fo“’ (I) = L'(I) is defined by (1.3), where G is a normalized function in
Car?, then 8 satisfies condition (i)~(iii).

As we shall show below, these results can be reformulated as representation
theorems for functionals and operators defined on a closed subspace of Lf(I).
It is, actually, in this form that they will be proved here.

Consider the following subspace of I7(I), (1 < p < ),

(14 o = {f & () [ @) dm() = 0,5 = 0,....k - 1}.

Clearly 91, is a closed subspace of I”(I) with respect to the norm topology.
Also 92 is closed with respect to the (bm) topology.

It is not difficult to verify that 91}, is linearly isomorphic with WP(I), the
isomorphism being given by

(1.5) WP(I) D ue Du € ME.

In view of the equivalence of the norms (0.1) and (0.2) the isomorphism is
bicontinuous with respect to the norm topologies. If p = oo, the isomorphism
is also bicontinuous with respect to the (bm), and (bm) topologies. Indeed a
sequence {u,} in W (I) is (bm),-convergent if and only if {D*u,} is (bm)-
convergent. The “only if” statement is trivial. The other statement follows
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from the following considerations. If {D¥u,} is (bm)-convergent, then it is
convergent in the I” norm for every p € [1, ). Hence, by the equivalence of
(0.1) and (0.2) in W(I), {u,} is convergent with respect to the W” norm.
Furthermore, since {Dku,,} is uniformly bounded, it follows that {u,} is
bounded in the W;* norm. Thus {u,} is (bm),-convergent.

In view of the isomorphism (1.5), the results stated in the previous two
theorems may be reformulated as follows.

THEOREM 1.3. Let N be a functional on M, (1 < p < o0,k a positive integer)
satisfying the following conditions.
(i) N is disjointly additive, i.e., if f, g € M}, then

N(f+g) = N(f)+ N(g) whenever fg = 0.

(i) N is continuous with respect to the I’ norm, if 1 < p < o0, and with
respect to the (bm) topology, if p = 0.
Then there exists a normalized function H in Car® such that

(1.6) N(f) =le(f)dm, Vf € L.

If H is a normalized Carathéodory function satisfying (1.6) and q is a
polynomial of order less than k, then H + H, is a normalized Carathéodory
function and satisfies (1.6). Conversely, if H, H' are two normalized Carathéodory
Sunctions satisfying (1.6), then there exists a polynomial q of order less than k,
such that H' — H is equivalent to H .

Finally, if N is a functional on M4, defined by (1.6), where H is a normalized
function in Car?, then N satisfies conditions (i) and (ii).

A normalized function in Car? satisfying (1.6) will be called a Carathéodory
kernel for N.

THEOREM 1.4. Let % be an operator, 3: M4 — L' (I) satisfying the following
conditions:

(i) K is disjointly additive.

(i1) ICis continuous with respect to the LP norm, if 1 < p < o, and with respect
to the (bm) topology, if p = .

(iii) 9C is local, i.e. for every f € ML, H(f) vanishes wherever f vanishes.

Then there exists a normalized function H: I X R — R belonging to Car? such
that

(1.7) %(f) = H(f), Vfe .

The function H is unique up to equivalence.
If 3 l'f{(p (1) = L) is an operator defined by (1.7), where H is a normalized
function in Car?, then ¥ satisfies conditions (i)—(iii).
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The necessity of condition (i) in Theorem 1.3 and of conditions (i) and (iii)
in Theorem 1.4 is an immediate consequence of the normalization of H. The
necessity of the continuity assumption in these two theorems follows from the
following known result.

PrOPOSITION 1.5. Let H be a Carathéodory function on I X R and let p
€ [1, ]. Then the following statements are equivalent:

() H € Car”.

(II) If 1 < p < oo, then there exists a function h in L'(I) and a constant b
such that

|H(t,a)l < k() + bla|®,  V(1,a) € TXR,

where T is a subset of [0, 1] of total measure (i.e., m(T) = 1). If p = o, then for
every positive constant c there exists a function h, in L (I) such that

|H(t,a)] < h (), V(t,a) € TX[-c,c],

with T as above.

(III) The operator %: IP(I) — L'(I) given by }(f) = H(f), f € L*(I), is
continuous with respect to the norm topologies. If p = oo, 3 is also continuous
with respect to the (bm) topology in L and the norm topology in L.

For the proof of this proposition we refer the reader to [7]when 1 < p < o
and to [8] for 1 < p < 0. The last statement in (III) does not appear in these
references. However, a proof of this statement may be found in [11]. In fact
one can easily derive this property from (II) as follows.

Let { f,} be a (bm)-convergent sequence in L* (7). Then every subsequence
{ by } contains a further subsequence { f,.} which converges to fa.e. Let ¢ be a
bound for {£,} and let h, be as in (II) (for p = o0). Then {H( Iy )} converges
a.e. to H(f) and is dommated by h.. Hence, by the dominated convergence
theorem, H(f,) — H(f) in L'(I). It follows that H(f,) - H(f) in Ly.

We finish tf'us section with a remark concerning the normalization of the
kernel. If H is a function in Car”, not necessarily normalized, and N is a
functional on 9%, defined by (1.6) then N will satisfy condition (ii) of Theorem
1.3. But, instead of disjoint additivity, we will have

N(f+g)=N(f)+N(g)—c
(18) whenever f, g € O} and f- g = 0, with ¢ = L H(-,0)dm.

On the other hand, if N is a functional on 9} which satisfies (1.8) (with some
constant ¢) and also condition (ii) of Theorem 1.3, then the functional N*
defined by

N*(f) = N(f) —c, ¥fE N
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satisfies all the assumptions of Theorem 1.3. Hence there exists a normalized
function H* in Car” such that

N*(f) =f1H*(f)dm, Vf € o2,

Furthermore, if hq is any function in L'(I) such that f; hgdm = c then, setting
H(t,a) = H*(t,a) + hy(1) for every (t,a) € I X R, we have

N(f) = [ H(f)dm, Vfe X

2. Some algebraic properties of disjointly additive functionals. All the
functions considered below are assumed to be real Lebesgue measurable
functions on I and all sets are assumed to belong to 1.

We denote by p, (k = 1,2,...) the vector-valued measure on (/, 7) given
by

2.1) w(E) = (fEdm, fE tdm, fE t"“dm), VE € 1.

Given an integrable function f we set

@2) M () = [ Sy

Since p, is a nonatomic finite dimensional vector measure, Liapunov’s
theorem [9] gives the following result.

For every set E in 7, there exists a partition {E;,E,} of E such that
l-‘k(El) = w (E,).

The following two spaces related to p, will occur frequently:

M = {f € L2U): iy (f) = 0},

(23) S¢ = {f: fis a simple function on I and fi,(f) = 0}.

Givena function f we shall denote by K(f) the set{r: f(f) #0}. K(f) will be
called the strict support of f. Two functions are said to be disjoint if their strict
supports are disjoint. The characteristic function of a set E will be denoted by
XE-

In the following lemmas we derive certain properties of disjointly additive
functionals on §;, without any continuity assumptions.

LEMMA 2.1. Let N be a disjointly additive, even functional on S, . Then there
exists a family {y,},c p of finitely additive set functions on T such that

() v, = .o for every real a and v, = 0;

@) iff € Spandf= 3| a;x g, with {E}} disjoint, then
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n
4 NO) = 2 3 (ED

PROOF. Let V be a set and let {}{, %3} and {V}, V3} be two partitions of V
into sets of equal y,-measure. We claim that

(25) N(a(le - XV2)) = Iv(a(XV'l - nyz)), Va € R.
Set W,;=V¥,NnV;(@j=12). Then ¥ =W, U W,andV;=W;

uw e Hence,

(W) + (W 2) = (W) + i (Wa3),
(W) + P«k(Wz,l) = (W) + 1 (W3,).
Therefore,
(2.6) re(W2) = w(W5,).
By the disjoint additivity of N and (2.6) we obtain,
@7) N("(XVl - XVz)) = N(“(Xw,_, - qu)) + N(“(Xw,_z - sz.n))’
T ANy, - x0)) = Nalay, = xm,,) + Nalen,, = x,)

In view of the fact that N is even, (2.7) yields (2.5).
Given a set V and a real number a, let

(2.8) w(V) = Nalxy, = x,)

where {}{, 1§} is a partition of V into sets of equal p,-measure. By (2.5), y, is
well defined. Clearly v, is a finitely additive set function on 7 and it satisfies
condition (i).

Let f be as in (ii) and let {E, , E; , } be a partition of E; into sets of equal -
measure (i = 1,...,n). Set f, = pora &XE, (j = 1,2). Then

N(f) =N(f) + N(f)) = N(f) + N(=f) = N(f, - f»)
= 3 N@g, - xe,) = 2 %),
This completes the proof of the lemma.

LEMMA 2.2. Let N be a disjointly additive, odd functional on §. If f, g, h are
disjoint simple functions such that f — g and f — h belong to & then

(29) N(f-g)=N(—-h—N(g—h).
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PROOF. As in the proof of the previous lemma, we assoicate with the given
function f a pair of disjoint functions f,, f, such that f = f; + f, and i, (f,)
= fi, (f,). Similarly we associate with g and 4 pairs of functions g;, g, and A,
h, respectively. Then

N(f—g)=N(f, —8)+N(f,—g) + [N — hy) + N(hy — h)].

The term in the brackets vanishes because N is odd. Thus

N(f=8) =N(fi—h)+ Nl —g)+ N = k) + Ny - g)
=N(f-h+Nh-g)=N(f—h)—N(g—h).
The following is an immediate consequence of the previous two lemmas.

LEMMA 2.3. Let N be a disjointly additive functional on §,. If f, g, h are disjoint
simple functions such that f — g and f — h belong to &, then

(2.10) N(f — h) — N(g — h) is independent of h.

Proor. Denote by N, the odd part of N and by N, the even part of N.
Obviously N, and N, are disjointly additive on §,. Applying Lemma 2.1(ii) to
N, and Lemma 2.2 to N, we obtain (2.10).

LEMMA 24. Let U, V be sets in t, not necessarily disjoint, with p,(U)
= u, (V), and let {U,}], {¥,}] be partitions of U, V such that

(2.11) W) =wm¥), r=12...,s
If N is a disjointly additive odd functional on &, then

S
(2.12) 2 Ny, = xy) = Ny = xv)

PROOF. Let W, = U, N ¥ and let {W], W2} be a partition of W, into sets
of equal p,-measure. Set U, = U,_ W, V' = U, W, U = U, U,
Vi= U_ %' (i =1,2). Note that sets with different upper indices are
disjoint. By Lemma 2.2

Ny = xpn) = Nxyr = xy2) — N — xp2)-

Actually Lemma 2.2 gives this result in the case where U Lyl U?are disjoint.
But it is easily seen that the equality holds even if U ' ¥! are not disjoint.
Further, by disjoint additivity,

s
N(XUI - XUZ) = En N(Xu,l - Xu,z)
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and

s
N(XVI - Xu2) = 2] N(Xw - XU})’
=

Thus, using Lemma 2.2 once more,

N(XUI - XVI) = ‘él [N(Xu,l - XU,z) - N(Xw - XU,z)] = 'él N(Xu,l - XW)-

Similarly,

s
N(XU2 - XV2) = 21 N(Xu,z - XKZ)o
y=

Combining the last two equations we obtain (2.12).

COROLLARY 2.5. Under the assumptions of the lemma we have

(2.13) l<§<s N(xy, = xi) = sN(xy = xp)-

Proor. This is an immediate consequence of (2.12).

REMARK. Suppose that in addition to the assumption of Lemma 2.4, N is
countably disjointly additive. Then Lemma 2.4 holds if finite partitions are
replaced by countable partitions. The proof is the same as before.

3. Some properties of y, . For later developments we need more detailed
information concerning the measure y, . This additional information will be
derived in the present section.

Given a set E in 7 we shall say that 2 is a Blackwell g-algebra for E with
respect to y, if,

(i) =g is a o-algebra for Eand 2 C 7.

(i) F € =g = w,(F) is parallel to p, (E).

(iii) g, is a nonatomic measure on Z;. (Since the range of g, on 2 is one-
dimensional, nonatomicity can be understood just as in the case of scalar
measures.)

It is well known that every set E possesses such a g-algebra. In fact this is a
consequence of Liapunov’s theorem on vector measures [9] (see also [3] which
first discussed such algebras). Moreover by Liapunov’s theorem, the range of
Pt on Zg is the segment {ap, (E): 0 < a < 1}.

DEFINITION 3.1. Given a family of disjoint sets @ = {4,,...,4,}, we shall
say that it is p,-independent if {p, (A j)}j];l is a linearly independent set of
vectors.

Let @ be a p,-independent family of sets. We denote by B: R, — R, the
linear mapping given by



12 MOSHE MARCUS AND V. J. MIZEL
k
@3.1) B(x) = (0y,...,0,) where x = jgl ;1 (4)).

The norm of B, with respect to the max norm in R, will be denoted by 1/p(&).
If Tis a set, then B(u, (T)) will be abbreviated to B(T).

LeEMMA 3.1. Let k be a positive integer and let o € (0, 1). Then there exists a
positive number py () such that the following statement holds.

For every set D of measure a, there exists a ju-independent family @ consisting
of subsets of D, such that p(@) > p;(a).

PrOOF. Denote by p(t) 1,...,0_ k) the determlnant of the k X k matrix
whose jth column is given by (l 4 J,tz o izl J) Let py(1;, .. tk) be the
Van der Monde determinant whose jth column is given by (1, tz, " -h,

If 8> 0,and t,, — ;> Bforj=1,..., k= 1 then

pO(tl, LI ’tk) > Bk(k-l)/z = V(Bsk)‘
Let 8§ = 8(B,k) be a positive number such that

{tl,...,tk} g [0’1]’
tj+1"’j>ﬁ’j= L...,k—1,
|

z
=>p(tl,l"' "tk—l.k) > I’(B,k)/z.
§i=1...,k

(32)
It =

j=1L..,k

The existence of such a § follows from the continuity of the determinant as a
function of its entries.

Let D be a set of measure a and set B = a/2k. Let {I = [tj’-,tj”]}'l‘ be a
family of intervals such that

OmDdNnL=gj=1....k

(ii)tj’-+, -t/ =Bj=1...,k—-1L
Such a family may be obtained by constructing 1, ..., I, in their order of
succession, taking #; = 0. Let 8, = min(38(B,k), 8) and pick §,, ..., 8, in
the interval [§y,25,] such that m(l) /b:, is an integer (j = 1,...,k). Consider
the partition of I into subintervals of length &;. There exists at least one
interval in this partition, say I/, such that

(iii) m(D N I})/8; > m(D N L)/m(L) > B,j=1,..., k.
Set4; =D N I’ and @ = {4,,.. Ak} Let

P ; _ i
3¢3) 4 ————-m(Aj)thdm, i=0,...,k=1;j=1,...,k

Let #; be the left endpoint of I;. Then ¢ ;2> Band0< ¢ —14< 8
< s(/z k) for all i, j. Hence, by (3.2),



REPRESENTATION THEOREMS 13

Pty gs e estimip) > (B K)/2.

Let A = A(@) be the determinant whose columns are given by p,(4,), ...,
1 (A, ). Then by (iii) and (3.3) we have,

k
A@) = (rl[ m(Aj)) Pl orteor)
(3.4)

k k
> [TL83) ]8R2 > B30 4(8.0/2 = v(a )

Thus @ is pk-mdependent
Ifx € Ryand x = E, o; pk(A ) then

(3.5) lo;| < ¢l x[/A(@),

where ¢, is a constant depending only on k (we may take ¢, = KD/ %) and
|'|" denotes the max norm in R,. Setting p = »'(a, k)/c;, we get, from (3.4) and
(3.5), |B(x)/' < p~"|x|". This completes the proof of the lemma.

REMARK. Using the notation of Definition 3.1 we have

RO < o@7'I4l, Vx € R,

On the other hand, it is easily verified that

Il < ($ md)) B

Hence, p(@) < Ef m(A ;). In particular, p; () < «
DEFINITION 3.2. Let @ = {4,,...,4,} be a p-independent family of sets.
Let Z; be a Blackwell o-algebra for 4 ; and set

k
(3.6) 2=E(@)={LIJ V:VEZ,j= l,...,k}.
Letx = (x;,...,x;) € R,. A function & will be called a =-representative of
x if the following conditions are satisfied:

(37) h=xU—XV,Uﬂ V=Q,U,V€2,
x = fy(h) = w(U) - p (V).

If Tis in 7 then a S-representative of p, (T') will also be referred to as a =-
representative of T.

Let f be a simple function: f = 37, a;x E,» With {E,} disjoint. We shall say
that fis a Z-representatwe of fif f = > a;h; where h; is a Z-representative of
E;and K(h)), ..., K(h,) are disjoint.



14 MOSHE MARCUS AND V. J. MIZEL

LEMMA 3.2. Let @ and = be as in the above definition. If x = (x|, ...,%;)
€ Ry and |x|" = max; ¢ ¢, |x;| < p(@) then there exists a Z-representative of
X, say h, such that

(38) k) < [S ma)/o@) | 1xt < o@) "1

ProoF. By definition |B(x)|" < 0(@)7"|x|". Hence, if B(x) = (0},...,0,)
we have o;| < 1,(j = L,...,k), and

k -1 k ’
(39) S lolm(4) < [o@)" = ma)] -

Let W be a set in Z; such that m(W)) = |o;|m(4;). Then the function h given by

k
(3.10) h = ; sign(o;)xu;

satisfies conditions (3.7). Indeed, # may be written in the form x,, — x, with
U and V disjoint sets in =, and

k k
By (h) = § (sign o)) (W) = ZI o (4;) = x.

CoroLLARY 3.3. If {T;,..., T} is a collection of sets such that 2{ m(T))
< p(@) then there exist disjoint functions hy, ..., h, such that h; is a Z-
representative of T, and

k
GI)  mE®)) < [p(a»)"' > m(Aj)]m(T;), G=1,...0).
If f is a simple function such that m(K(f)) < p(@), then there exists a Z-
representative of .

Proor. This is an immediate consequence of the lemma and the construc-
tion described in its proof.

LEMMA 3.4. Let A and Z be as in Definition 3.2. Let f be a simple function and
suppose that there exists a Z-representative of f which we denote by f. Set
f=3F g; where g; is a simple function on Z;, (j = 1,...,k).

If f € & then g € & for all j. If for a given number a,

(3.12) k(71 @) = w(f ' (-a)

then

(313) ""k(gj—l(a)) = ”k(gj_](_a))9 (J = l’ s ’k)
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PROOF. If f € §, then f € §,. Thus 3f i (g,) = 0. However, i (g,) is
parallel to y, (4;),j = 1, ..., k, and {y, (4 j)}’,‘ is linearly independent. Hence
iy (g;) = 0 for all j.

As a consequence of Definition 3.2

G149 w (@) - K (') = (7@ - w(F'(-a), Va € R

Since g, ..., g; are disjoint,

k
G.15) w(F'@) - m(F'(-a) = ) [ (87 (@) = pi (g7 (=a))].

If a is a number such that (3.12) holds, (3.14) and (3.15) imply that

k
(3.16) ? [ (g7 (@) = w (g7 (=a))] = 0.

In view of the linear independence of {y, (4 j)}'f, (3.16) implies (3.13).

We conclude this section with some more definitions and notations.

Given a set F and a positive integer r, there exist partitions of F consisting
of r sets of equal p1, measure. Such a partition may be constructed from subsets
of any Blackwell o-algebra for F. Hence, given a simple function f there exist
simple functions f}, ..., f such that

{£7'(a)}} is a partition of f~'(a),

CID W@ = 7@, (=10, Vaer
A collection of functions {f;,...,f} satisfying (3.17) will be called a p,-uni-
form decomposition of f.

Let E be in 7 with m(E) > 0 and let 2 be a Blackwell ¢-algebra for E with
respect to p, . We denote by ML (Z;) and §,(Z) the subsets of M, and §,
respectively, consisting of those functions which are measurable with respect
to 2p.

4. Statement and discussion of intermediate results. The proof of Theorem
1.3 is divided into two main parts. In the first part we establish the existence
of a kernel H (not necessarily Carathéodory) such that the representation
formula (1.6) holds with respect to functions in §;. In the second part we
derive certain continuity properties of the kernel mentioned above and use this
information to obtain a continuous, disjointly additive extension of the
functional N to the entire space I7(I). As we remarked in the introduction,
once the existence of such an extension is established, the full representation
theorem follows from known results such as those developed in [5].
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Thus the first part of our program consists in proving the following result.

THEOREM 4.1. Let N be a functional on §, satisfying the following conditions.
(i) N is disjointly additive.

(ii) N is continuous with respect to the (bm) topology.

Then there exists a function H: I X R = R such that

(4.1 {H("a) e L'I), VaeRr,
' H(-0) = 0,

and

(42) N(f) = [ H(f)dm, ¥f €S,

If q is a polynomial of order less than k, then H + H, also satisfies (4.1) and
(4.2). Conversely, if H, H' are two real functions on I X R satisfying (4.1) and
(4.2) then there exists a polynomial q of order less than k such that H' — H is
equivalent to H,

A function H satisfying (4.1) and (4.2) will be called a kernel for N.
In order to prove this theorem, it is convenient to consider odd and even
functionals separately. When N is even the existence of a kernel is easily

established. We deal with this case in the next lemma. However when N is odd
the proof of the theorem is considerably more involved. This part of the proof

will be developed in the next three sections.

LEMMA 4.2. Suppose that N is an even functional on &, satisfying conditions (i)
and (ii) of Theorem 4.1. Then there exists a kernel for N.

ProOF. Let {y,} be as in Lemma 2.1. Then conditions (i) and (ii) imply that,
for every a in R, v, is countably additive on 7 and v, is absolutely continuous
with respect to Lebesgue measure. Hence, by the Radon-Nikodym theorem,
there exists a function H: I X R — R satisfying (4.1) such that

43) (V) = fy H(t,a)dm, YV € r.

(Since y, = y_, we have also, H(-,a) = H(-,—a), for all a in R.)

Now formula (4.2) follows immediately from (4.1), (4.3) and Lemma 2.1(ii).

The next lemma shows (for general N) that, in order to obtain the
representation formula (4.2) for every fin §,, it is sufficient to establish this
formula for a more restricted set of functions.

At this point it is convenient to define two subsets of §;, namely

{&Sk = {f € §: range(f) C {0,a,b} for some a,b in R},
52 = {f € §: range(f) C {0,1,-1}}.
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LEMMA 4.3. Let N be a disjointly additive functional on §,. Suppose that there
exists a function H: I X R — R, satisfying (4.1), such that

45) N(f) = [ H()dm,

for every fin &,.
Then (4.5) holds for every f in §,.

Proor. First suppose that k = 1. In this case it can be verified that every
function fin §; can be written as a sum of disjoint functions in &. Therefore
the required result follows immediately by disjoint additivity.

Now consider the case k > 1. In order to prove the lemma it is sufficient to
show that (4.5) holds for every fin §, such that

(4.6) m(K(f)) < pc(3),

with p, (a) as in Lemma 3.1. Indeed, by means of p,-uniform decompositions,
every function in §; can be written as a disjoint sum of functions in §;, which
satisfiy (4.6).

Let f be a function in §, satisfying (4.6) and set D = I\K(f). Since
pi(@) < o we have m(D) > 1. Let @ be a family of p,-independent subsets of
D such that p(@) > p,(}). The existence of such a family is guaranteed by
Lemma 3.1. Let 3 (j = 1,...,k) and = be as in Definition 3.2. Finally, let f
be a Z-representatxve of —f Then f+ fis a linear combination of disjoint
functions in 8k, so that by (4.5) and disjoint additivity,

@7) N() +N(F) = NG +]) = [ H(f+ F)am.

Let f= 21 gj» where 8 is a simple function over 2, By Lemma 34,
g € &(Z)). Smce 3isa Blackwell o-algebra, it can be venﬁed (exactly as in
the case k =1) that every function in §,(Z;) can be written as a sum of
disjoint functions in Gk(Z ). Therefore f can be written as a sum of disjoint
functions in &, and we conclude that

(4.8) N(J) = [ H(})dm.

Finally (4.7) and (4.8) imply (4.5).

The proof of Theorem 4.1 in the case that N is odd is divided into two parts.
In the first part we obtam a representation formula for N on the family of
functions {af: f € Sk,a € R}. Employing this result we reduce the represen-
tation problem to the case of a functional N which possesses the additional
property of ,uk-mvarxance We say that a functional N on §, is W-invariant if
for every pair of functions f, g in §; such that p, (f~ ) = (g™ 1(a)), Va
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€ R we have N(f) = N(g). The second part of the proof consists of the
derivation of a kernel representation for p,-invariant functionals.

The representation formula to be obtained in the first part is a consequence
of the following result.

THEOREM 4.4. Let A be a functional on 62 satisfying the following conditions:
(i) A is disjointly additive.

(ii) A is odd.

(iii) A is continuous on 82 with respect to convergence in measure.

Then, there exists a unique G in L' (I) such that i, (G) = 0 and,

(4.9) A(f) = f: Gfdm, ¥f € 6.

Theorem 4.4 will be proved in §5 (for k = 1) and in §6 (for k > 1). The
representation formula for p -invariant functionals will be derived in §7.
Finally, the proof of Theorem 4.1 will be completed in §8.

S. Proof of Theorem 4.4 for kK = 1. The theorem will be proved by
constructing a signed measure A, on (I, 7) such that A, is absolutely
continuous with respect to m and

A(XU - XV) = Ao(U) - Ao(V)

whenever U, V € 7 and m(U) = m(V'). A, will be constructed in three main
steps.

We start with a remark. If U, V, T are sets in 7, of equal g, measure, and if
UNT=VNT=Jthen,

(5.1) Ay = xp) = Ay — x1r) — Ay — x7)-

When U, V, T are disjoint this is proved exactly as Lemma 2.2. The case where
U N V # Jis easily reduced to the preceding one.

Lemma 2.4 remains valid if N is defined only on 62. Therefore it may be
applied to A. Properties (i) and (iii) of A imply that A is countably disjointly
additive. Therefore, in this case, Lemma 2.4 holds also if finite partitions are
replaced by countable partitions.

STEP 1. Let U be a set in 7 such that m(U) = 1/n, where n is an integer
larger than 1. Let {U}, ..., U,_,} be a partition of 7\U into sets of measure 1/n
and set

1 n—1
(5:2) ANU) = - ; Ay = xy,)-

The definition of Ay(U) does not depend on the partition. Indeed, if

{U},...,U,_,} is another partition of J\U into sets of measure 1/n we have
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n—1 n—1
'gl [A(XU - XU,) - A(XU - Xu;)] = igl A(Xu; - Xu,.) =0

by (5.1) and Lemma 2.4.

LemMA 5.1. (2) If U is a set in 7 with m(U) = 1/n and if (U',..., U} is a
partition of U into sets of equal measure, then

(53) A(U) = zl‘, Ay(U?).
(b) If U, V are sets in T such that m(U) = m(V') = 1/n, then
(54) Alxy = xy) = A (U) = Ay (V).

PROOF. (a) Let {W}l be a partition of 7\U into sets of equal measure. Let
W' },==l be a partition of W into sets of equal measure. Finally, set w!
U' (i=1,...,5)and W = U. Then, by (5.2)

(5.5) Ay(U”) = 2 2 Alxyr — XW')

l = j =
On the other hand, by Corollary 2.5,

1 .
A(XU - Xu;) = E 2y<s A(Xuv - XW:) (j = l, . .,n).

Thus,

66 M) =7 3 A=) =5 3 S Ay~ )

Equalities (5.5) and (5.6) imply (5.3).
(b) First suppose that U N V = &. Let {W,...,W,_,} be a partition of
I\(U U V) into sets of equal measure. Then,

Ag(U) = Ao (V)

n—-2 n-2
= -[A(xu Xy) + 2 Alxy = xw) = Aoy — xv) = 2 Ay - xm)]
= A(XU - XV)-

Here we used (5.1) and the fact that A is odd.

Now consider the general case. Let U= U\V,V = V\Uand W = U
N V. Let{U,, U,}, {V], V;}, (W, W} be partitions of U, ¥, W respectively into
sets of equal measure. Set U; = U, U W, ¥, = ¥, U W, (i = 1,2). Then, by
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the preceding part of the proof we have
Ag(U) = Ao(By) = Alxy, = Xu,):
Ao(R) = Ag(Uy) = Alxy; = xu3):

Combining the two equalities and using (5.1) we get

(5.7) Ao (D) — Ao(K) = Alxy, — xi)-
Similarly we get
(5.8) A(Ly) = Ay(K) = A(Xu2 - sz)'

In view of the disjoint additivity of A and part (a) of the lemma, (5.7) and (5.8)
imply (5.4).
We conclude the first step of the construction by defining

(59) Ay(U) =0 whenever U € rand m(U) = 1 or m(U) = 0.

With this definition, Lemma 5.1(a) remains valid in the case m(U) = 1. This
follows from Corollary 2.5 together with (5.2).

STEP 2. Let U be a set in 7 such that m(U) is rational. Let m(U) = I/n (I,n
positive integers) and let {U, . .., U;} be a partition of U into sets of measure
1/n. Set

(5.10) AV) = 3 Ag(U),

where Ay(Uy),j = 1, ..., ], is defined as in Step 1.

In view of Lemma 5.1(a), (5.10) agrees with (5.2) in the case where //n = 1/q
for some integer q.

For fixed /, the definition of Ay(U), as given by (5.10), does not depend on
the partition of U. Indeed, if {U}, ..., U}} is another partition of U into sets
of measure 1/n we have

! 1
213 [Ao(UJ) - Ao(UJ")] = ; A(XL& - Xu;) =0

by Lemma 5.1(b) and Lemma 2.4.
Finally if I/n is replaced by s//sn (where s is a positive integer), then Lemma
5.1(a) shows that the value of Ay(U), given by (5.10), is unaffected.

LemMA 5.2. (a) Let U be a set 7 such that m(U) is rational and let
{u L/ 5} be a partition of U into sets whose measure is rational. Then

(5.11) A (U) = }l: Ay(U”).
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() If U, V are sets in T such that m(U) = m(V') = rational number then
(5.12) Ag(U) = Ay(V) = Alxy — xv)-

PRrOOF. (a) (5.11) is an immediate consequence of (5.10).

(b) Let m(U) = m(V') = I/n where I, n are positive integers. Let {U}, ...,
U} and {¥{,..., ¥} be partitions of U, V into sets of measure 1/n. Then, by
Lemma 5.1(b) and Lemma 2.4,

! I
MfU) = Bo¥) = 3 [A6(8D) = Al = 3 My, = 1) = Ay = )

Up to this point we have used only properties (i) and (ii) of A. From this
point on we shall use also the continuity of A, i.e. property (iii).

LEMMA 5.3. Let ¢ > 0. If U is a set in 7 such that m(U) is rational and
m(U) < ¢ then

(5.13) |A(U)] < sup {|A(®)|: h € &, m(K(h)) < 2€}.
Proor. Since Ay(U) + Ag(I\U) = Ay(I) = 0, it is sufficient to prove
(5.13) in the case where m(U) < 1.

Let m(U) = I/n where [, n are positive integers such that I/n < 3. Let{U }I
be a partition of I into sets of equal measure such that Ul U = U. Then

_ _14$ 3 -
AO(U) _jgl Ao(q) - nj§| ;§| A(XUI XU:)

By Corollary 2.5,

I n-l 1
AO(U) = % 2 i—%ﬂ» A(XU' - i) = % § g (XU X, (/)w

where ¢,(j) is that integer between 1 and n — [ which equals s +j mod (n
— 1). Hence, by Lemma 2.4,

n-l
(5.14) A(U) = %sgl Ay = Xur)

where U* C I\U for all s. Clearly (5.14) implies (5.13).

LEMMA 5.4. Let U be a set in t such that m(U) is rational and let {U,}]" be a
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partition of U consisting of sets of rational measure. Then
[oe]
(5.15) Ro(U) = 3 Ao(G}).
Proor. Let U° = U;_,U,. Then, by Lemma 5.2,

{AO(US) = S 8 (U),
Ay(U) = Af(U\U®) + Ag(U°).

By Lemma 5.3, lim,_, . Ag(U\U®) = 0. Hence the required result.
STEP 3. Let U be a set in 7 and let {U,}}" be a partition of U consisting of
sets of rational measure. Set

(5.16) A(U) = él Ay(U),

where Ag(U,), » = 1,2, ..., is defined as in Step 2.

We must show that this definition of Ay(U) does not depend on the
partition. But first we note that when m(U) is rational, (5.16) agrees with the
definition of Ay(U) given in the previous step. This is clear in view of Lemma
5.4.

The following terminology will be useful. Given a set U in 7, a partition of
U consisting of sets of rational measure will be called rational partition of U.
A set E will be called an r-set if it is a finite union of intervals with rational
end points.

LEMMA 5.5. (a) Let U be a set in 1. The value Ay(U) as given by (5.16) does
not depend on the choice of the rational partition {U,}.
(b) Let U, V be sets in 1 such that m(U) = m(V'). Then

(5.17) Ag(U) = Ay(V) = Alxy — xv)-

(¢) Ay is a signed measure on .
(d) A is absolutely continuous with respect to m. More precisely, given ¢ > 0,
if Uisintand m(U) < ¢ then,

(5.18) |Ao(U)] < sup{A(r)| : h € &, m(K(h)) < 2¢).

ProoF. (a) If {U,}}" is a disjoint sequence of sets of rational measure, then,
in view of Lemmas 5.2 and 5.3 and Cauchy’s criterion, the series 2;” Ay(U)
converges. In fact it converges unconditionally.

Given Uin , let {U,}}° and {U.}]" be two rational partitions of U such that

(5.19) m(U,) =mU,), v=12....
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Then Lemma 5.2(b), Lemma 2.4 and the remark following it imply that

(520) S 80(U) = £ 4,(0)).

We now prove statement (a) in the case of an open set O such that m(0) is
irrational. Given a rational partition {(‘),,}‘,=° of O it can be seen that there exists
a partition {0,)}° of O consisting of r-sets, such that m(8)) = m(©,), » = 1, 2,
.... Therefore, in view of (5.20), it is sufficient to prove the following.

Let {0}, {0’} be two partitions of © consisting of r-sets. Then

(5.21) g Ay(©) = ? A (©7).

Set W, =0, N 0 Then {VI{’#};’:F, is a partition of O consisting of r-sets.

The series 2,5=18o(W,) converges unconditionally. Hence,

§1 A(W,) = él él Ao(W,) = $ Ao(®)

p=
o0 o0 00
= 3, 2 o) = 3 gl
= y=

Thus (a) is proved in the case that U is open.

Now, consider an arbitrary set U in 7 and let O be an open set such that
m(9) = m(U). Given a rational partition {U,};" of U, let {0,} be a rational
partition of O such that m(U) = m(0,), » = 1,2,.... Then, by Lemma
5.2(b), Lemma 2.4 and the remark following it, we have

S 208 - 3 6(6) = 5 A, - x6) = A~ x0)

By the previous part of the proof, the series 3;° A(9,) depends on 0 but not
on the partition {0,}. Therefore, 3;° Ay(U,) is independent of the partition
{U,} of U.

(b) Let {U,};° and {]}]° be rational partitions of U, V such that m(U,)
=m(¥),»=12,.... Then Lemma 5.2(b), Lemma 2.4 and the remark
following it imply that

(5.22) ? A,(U,) - $ A(®) = ? Alxy, = xy) = Axy — xp)-

(c) By definition Ay() = 0. The countable additivity of A, is easily
verified using (5.16).

(d) The measure A is finite (i.e., Ag(U) is finite for every U in 7). Therefore
Ay is bounded. By definition (see (5.9)) Ay(U) = 0 whenever m(U) = 0. Thus
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A, is m-absolutely continuous. The inequality (5.18) was proved in the case
where m(U) is rational (Lemma 5.3). However, every set U in 7 is the limit of
an increasing sequence of sets of rational measure. Therefore (5.18) holds for
arbitrary sets in 7.

The existence of a function G with the properties stated in Theorem 4.4
follows (in the case k = 1) from Lemma 5.5 and the Radon-Nikodym
theorem. If G,, G, are two such functions, then (setting G* = G, — G,) we
have,

(5.23) fl G*fdm =0, Vf e 6.

But (5.23) implies that G* is a constant. Therefore the function G in Theorem
4.4 (with k = 1) is uniquely determined by (4.9) and the condition ,(G) = 0.
This completes the proof of Theorem 4.4 in the case k = 1.

6. Proof of Theorem 4.4 for kK > 1. As in the case k = 1, the theorem is
proved by constructing an appropriate signed measure A,

Let E be a set in 7 with m(E) > 0 and let =, be a Blackwell ¢-algebra for
E with respect to p,. Note that

(V) = m(U) [ (E)/m(E)], VU € =g

The measure space (E,=;,m) is separable, nonatomic and nonnegative.
Therefore the measure algebra associated with this measure space is isomor-
phic with the measure algebra associated with the Lebesgue measure space of
the interval [0, m(E)), (see, e.g., [6, p. 173]). In view of this isomorphism the
results proved in the previous section imply the following.

Given A as in Theorem 4.4 and given a set E and a o-algebra = as above,
there exists a signed measure Ay _on (E,Zg) such that:

(6.1) A5 (E) = 0.

Azs(U) - Azs(V) = A(XU - XV)

6.2)
whenever U, ¥V € Zgand g, (U) = (V).

(6.3) AEE(U) = 0 whenever U € = and m(U) = 0.

Now let @ = {4,,...,4,) be a p-independent family of sets such that
>k m(4;) < } and p(@) > p,(3) (see Lemma 3. l) Let Z; be a Blackwell o-
algebra for A; and let = be the direct sum of {ZJ}I Let A be a measure on
(A ,Z;) satisfying (6.1)(6.3) with E and Zg replaced by 4; and Z,,
(j = 1,...,k). Finally let Ao be the direct sum of the measures Al seees Ak .
Thus if U e Sand U= Uf U with U; € Z;, then
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(6.4) Ay(U) = é AU).

Our objective is to extend A, to all of 7. The extension will be constructed
in four steps.

STEP 1. Let ¥ be a set in 7 such that ¥ N 4, = & (where 4y = Uf4)).
Assume that

(6.5) m(V) < p(3) < p(@).

Let h = xg — xy be a Z-representative of V. (By Corollary 3.3, such a
representative exists.) Set

(6.6) Ay(V) = Alxy — h) + Ag(h) = Alxy — h) + Ag(S) — Ag(T).

Since S, T € =, Ay(S) and Ay(T) are defined by (6.4).

We shall show that the value of Ay(V) as given by (6.6) does not depend on
the choice of the S-representative . Let g be another Z-representative of V. If
g, h are disjoint then

Alxy = h) + Bo(B) = Ay — 8) = Ag(2)
=ANg-h)+ A()(h) - j\o(g) =0,

by Lemma 2.2 and (6.2). If g, h are not disjoint we proceed as follows. Let
h = Xg, — XE,» 8 = X;, — Xp, Where E; N E; = F N F, = &. Denote E,
=I\(E, U E,), |, =I\(F U E). Let W,; = E; N F and let {W; , W/}
be a partition of W, into sets of equal p,-measure belonging to Z,

(j = 0,1,2). Set Ej = U oW}, (i = 1,2), F; = UL W, (j = 1,2) and

"= Xg; — X£p 8 = XF, — XF;- Similarly we define 4" and g”. Finally, let
{V’,V"} be a partition of V¥ into sets of equal j,-measure. In view of the fact
that 4’, g” and h”, g’ are disjoint pairs of functions we have

Ay = B) + Ay(r) = A, — 87) + Ry(g”),
Alxy» — 1) + Ay(n") = Mxy» — 8") + Ay(g").
Summing up the two equalities we get
Al = 1) + Bo(r) = Alxy — 8) + Aq(g).
Thus Ay(V) is well defined by (6.6).

LemMa 6.1. () If U, V are two measurable sets contained in the complement
of Ay, such that , (U) = p, (V') and (6.5) holds then

(6.7) AO(U) - Ao(V) = A(XU = Xp)-
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(b) If V is a set as above and {Ij};Jo is a partition of V then

[oe]
(6.8) A(V) = ? Ay(¥).
PROOF. (a) Let h be a Z-representative of U and V. Then
Ag(U) = Ay(V) = Alxy — h) + Ag(h) — Ay(xy — 1) — Ay (h)
= A(XU - XV)-

(b) Let {hj} be a family of disjoint functions such that h; is a Z-representative
of V. Such a family of functions exists by Corollary 3.3. Then (setting
h = 2[°h;) we have

KoV) = Ay = 1)+ Roh) = 5 Ax = 1) + F Aglh) = 3 41,

Here we used the countable disjoint additivity of A (properties (i) and (iii))
and the fact that A; is a measure on 2.

STEP 2. Let V be a measurable set contained in the complement of 4. Let
r be a positive integer such that 1/r < p,(3). Let {K,..., ¥/} be a partition of
V into sets of equal p,-measure. Then each of the sets J satisfies (6.5) so that
Ay(¥) (i = 1,...,r) is defined by (6.6). Set

69) 8o(V) = 3 AR,

For a given r, the value of Ay(¥) as given by (6.9) does not depend on the
partition. This follows from Lemma 2.4 and Lemma 6.1(a). Further, using
Lemma 6.1(b) it is easy to verify that the above definition of Ay(V) does not
depend on r. Finally, if V satisfies (6.5) then Ay(V) as given by (6.9) coincides
with Ay(V) as defined in the previous step. This is clear in view of Lemma
6.1(b).

LEMMA 6.2. The statements of Lemma 6.1 are valid even if U, V do not satisfy
condition (6.5).

ProOF. This is an immediate consequence of (6.9), Lemmas 6.1 and 2.4.
STEP 3. Let V be a set in 7 such that

(6.10) m(V) < p(1/4).

Since p,(1/4) < 1/4, we have m(V U A4;) < 3/4. Therefore, by Lemma 3.1
and Corollary 3.3, there exists a function 4 of the form xg — xr (SN T = &)
such that

(6.11) () = (V) and K(R) N (V' U 4g) = 2.
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Set

(6.12) Ao(V) = Alxy — k) + Ay (h),

where Ay(h) = Ay(S) — Ay(T) is defined as in Step 2.

If V.N A, = D then, in view of Lemma 6.2, this definition of Ay(¥') agrees
with that given in Step 2.

The value of Ay(¥) given by (6.12) does not depend on the choice of A. This
is proved by the same argument that was used in Step 1 to show that Ay(V)
is well defined.

LemMA 6.3. (a) If U, V are sets in 7 of equal p,-measure, such that

(6.13) m(U) < p,(1/8) and m(V) < p,(1/8)
then
(6.14) Ag(U) = Ay(V) = Alxy — xv)-

(b) If V is a set in 1 satisfying (6.10) and if {Ij}f’ is a partition of V then
[oe]
(6.15) 8o(®) = 3 M),

Proor. (a) Since p,(1/8) < 1/8, m(U U V) < 1/4. Therefore there exists
a function & of the form xg — x7, § N T = &, such that h satisfies (6.11) with
respect to ¥ and U. Thus

Ay(U) = Ag(V) = Alxy — B) + Ag(h) — Alxy — h) — Ag(h) = Alxy — xp)-

(b) This statement can be proved in essentially the same way as Lemma
6.1(b).

STEP 4. Let V be a set in 7. Let s be a positive integer such that
/s < p,(1/8) and let {¥,..., ¥} be a partition of V into sets of equal p,-
measure. Set

(6.16) A(V) = ;‘ A%,

where Ay(¥)) is defined as in Step 3.

For a given s, the value of Ay(V') does not depend on the partition. This
follows from Lemma 2.4 and Lemma 6.3(a). Further, the value of A,(V') does
not depend on =. This is easily verified, using Lemma 6.3(b). Finally, if ¥
satisfies condition (6.10) then Ay(V) as given by (6.16) coincides with the
value of Ay(V) as defined in Step 3. This is clear in view of Lemma 6.3(b).

LEMMA 6.4. (a) If U, V are sets in 7 of equal p,-measure then (6.14) holds.
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(b) If V is a set in T and {Ij};’O a partition of V then (6.15) holds.

Proor. This is an immediate consequence of (6.16), Lemmas 6.3 and 2.4.
We can now complete the proof of Theorem 4.4. In view of (6.3) and the
construction of Ay we have

(6.17) Ag(U) = 0 whenever U is an m-null set.

This together with Lemma 6.4 implies that A is an m-absolutely continuous
signed measure on (7, 7). Therefore, by the Radon-Nikodym theorem there
exists a function G in L' () such that

(6.18) Ay(U) = fu Gdm, VU E .

Lemma 6.4(a) and (6.18) imply that G satisfies (4.9). Clearly if q is a
polynomial of order less than k then

(6.19) [, afdm =0, ¥f € &.

Let g be the (unique) polynomial of order less than k such that fi, (G)
= fi,(¢). Then the function G* = G — g satisfies (4.9) and the condition
ﬁk(G* = 0. Finally, the uniqueness of G* is an immediate consequence of
the following

LEMMA 6.5. Let g be in L' (I) and suppose that
(6.20) f: gfdm =0, Vf € 8.

Then g is a polynomial of order less than k.

A proof of this lemma will be given in the Appendix.

7. A representation theorem for p -invariant functionals. With the proof of
Theorem 4.4 we have completed the first part of our program for the proof of
Theorem 4.1. One of the main features in the second part of our program, as
described in §4, is a representation theorem for p,-invariant functionals. The
present section is devoted to the development of this result.

THEOREM 7.1. Let N be a functional on $ possessing the following properties:
(a) N is disjointly additive.

(b) N is continuous with respect to the (bm) topology.

(c) N is y-invariant.

Then there exists a function H: I X R = R and functions n;: R—>R such that



REPRESENTATION THEOREMS 29

A(:,0) = 0,
(7.1) { . _

H(t,a) = ? nj(a)tf", Va € RandV: € 1,
and
(12) R(f) = [ A(f)dm, ¥f € 5.

REMARK. Assumption (b) may be replaced by a weaker continuity condi-
tion, as follows.
Given two positive numbers a, b, denote

8(e: a,b) = sup{|N(f)|: f € &, range (f) C {0,a,-b)},
(1.3)
m(K(f)) < ¢}.

Then (b) may be replaced by

(b’) lim,_,8(¢; a,b) = O, for every pair of positive numbers a, b.

PROOF. Let g, b, be positive numbers. Given a set S in 7, let {S,,S,} be a
partition of S such that

1 (Sy) = [b/(a + b)]w, (S).

Such a partition will be called an (a, b) partition. By property (c),
IV(axsl - bXs,) is independent of the particular choice of the (a, b) partition.
In fact this expression depends only on g, (S).

Let

(7.9) %s(S) =@+ b)N("Xs. - bst)'

Then v,;, is a set function on 7. Properties (a) and (b’) imply that Yo I8
countably additive and absolutely continuous with respect to Lebesgue
measure. Therefore, by the Radon-Nikodym theorem, there exists an element
E, of L(I) such that

(1.5) %6(8) = [ Eydm, VS e
Since
(76)  15(U) = y,,(V) whenever U, ¥V € 7and p, (U) = , (V),

it follows that

J Eshdm =0, Vi e8],
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Thus, by Lemma 6.5, E, , is a polynomial of order less than k. Set

(7.7) E 0 = é gaby’™, Viel

In order to obtain from (7.7) a kernel satisfying (7.1) we have to show, in
effect, that the coefficients §; can be expressed in terms of functions n; of one
variable.

We shall consider separately the case where N is even and the case where N
is odd. It is clear that the validity of the theorem in these two particular cases
implies its validity in the general case.

First, assume that N is even. Note that the set function vy, ,/2a (a > 0)
defined above then coincides with the set function y, defined in Lemma 2.1
(see (2.8)). Therefore, if f = 2/, a;xg, € §;, Lemma 2.1 and (7.5) imply that

n n 1
N(f) = igl Yla,-I(Ei) = igl m,{l;’. Fla,-l‘laildm'
Hence, setting
1
H('a a) = mﬁal‘lal’ a# 0’

H(,0) =0,

we get (7.2). Furthermore, by (7.7) the function A defined above satisfies
condition (7.1).
Next suppose that N is odd. We claim that, in this case, the equality

(7.8) ak(b,¢) + cf(a,b) + b&(c,a) = 0,

holds for every triple of positive numbers a, b, ¢, where £ = &, ...,&) Since
the equality is symmetric in its variables, we may and shall assume that
¢ > max(a,b).

Given a set S let {S;,S,} be a partition of S into sets of equal p,-measure.
Further, let {S7,S"]} be an (g, b) partition of S, and let S be a subset of S,
such that p, (S3) = [ab/c(a + b)lu,(S,). Then, by (7.4),

45(81) = (@ + B)N(axs, — bxs;),
%a(S7 U 83) = (@ + o) Nlexs, — axs;).
V(ST U 83) = (b + )N(bxs; — exs;)-
However by (7.5) and (7.7)
%s(U) = &@.b) -y (U), YU E ™.
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Therefore, setting x = p, (S'), we obtain
&(a,b) - (x/2) = (a + b)N(axg; = bxsy),
Ee.a) - (Bx/2) = (@ + O Nexs, — axs,)

£(bc) - (Bx/2) = (b + C)N(bXS'; - CXsi),
where

_(a+o)

_(b+oc)a
B_(a+b)c

and B = e

Thus,
[cZ(a, b) + bE(c,a) + ak(b,c)] - x
= 2(a + b)c[IV(axS,l - bXS’;) + IV(ch,2 - axs,l) + N(bXS", - cxs,z)].

Since N is odd, it follows from Lemma 2.2 that the right-hand side of (7.9) is
zero. Note also that (7.9) holds for every x in the range of p,, which is a k-
dimensional subset of R,. These facts imply (7.8).

Let ¢, be a fixed positive number and set

(7.10)  W(a) = —%(—a) = %f(a, c) Va>0,and 7(0) = 0.

The fact that N is odd implies that y,, = —y, ,, and hence £(a,b) = —£(b,q),
(a,b > 0). Therefore, setting ¢ = ¢, in (7.8) and solving for £(a, b), we obtain

(7.11) &(a,b) = bn(a) — an(b), Va, b > 0.
Let A be the function given by

k .
(7.12) A(t,a) = ; nj(a)tj_’, Va € R, Vit € I,

where %(a) = (n,(a),...,n,(a)). Then, by (7.4), (7.5), (7.7) and (7.11), we
deduce that

- 1 1 -
N(axy — bxy) = 255 vy E ydm = P bg(a,b) “w(UU V)

= %(a) - u, (U) = 7(b) - Ilk(V)’

whenever a, b are positive and U, V are disjoint sets such that ax, — by,
€ §. Now (7.10), (7.12) and (7.13) imply that

(7.13)

(7.14) N(f) = [ B(f)dm, Vf € &,.
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Finally, since H satisfies (7.1) and (7.14), Lemma 4.3 implies that H satisfies
(7.2). This completes the proof of the theorem.

8. Proof of Theorem 4.1. Let N be a functional satisfying the assumptions of
the theorem. Let N, and N, be the even and odd components of N, respective-
ly, i.e.
@) N.(f) = [N(f) + N(=f)]/2.

N(f) =N = NP2 Ve sy,
It is clear that both N, and N, satisfy assumptions (i) and (ii). By Lemma 4.2
there exists a kernel for N,. We proceed to prove the existence of a kernel for
N, . Obviously, the sum of the two kernels will be a kernel for N.
Given a real number a we define a functional A, on 82 by

(8.2) ALS) = Ny(af). Vf € &.

This functional satisfies the assumptions of Theorem 4.4. Therefore there
exists a unique element G(-,q) in L' (1) such that i, (G(-,a)) = 0 and

(8.3) ALY = [ G(f)dm, Vf €6,
Since A, = —A_, we have
(8.4) G(,a) = —=G(,—a), Va € R.

Now we define a functional N on §, as follows:
(8.5) R = Ny(h) = [, Ghydm, Wh € ;.

We claim that N is odd and that it satisfies conditions (a), (b’), (c) of Theorem
7.1 and the remark following it. The fact that N is odd and disjointly additive
is clear from its definition, together with (8.1) and (8.4). The continuity of N
and the fact that G(-,a) € L'(I) for every real a, imply that N satisfies (b’).
We proceed to show that N satisfies condition (c).

First we note that, by (8.2)-(8.5), N(f) = 0 for every function f which is a
linear combination of disjoint functions in 82. Now suppose that fand g are
two functions in §; such that

(8.6) w(f (@) = p,(g7'(a)), Va € R

If f and g are disjoint, then f — g is a linear combination of disjoint functions
in &, so that

8.7) N(f) - N(g) = N(f-g) = 0.
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Next we consider the general case, when f and g are not necessarily disjoint.
Let

range(f) = range(g) = {a;,...,q,},
f—l(a,')=S,‘ag—l(a,')= T, i=1...,n),

W,=SnT. (ij=1,....n).
Let {VI{"j, M{j} be a partition of W, ; into sets of equal p,-measure and set
1"l S
st= S =Sy
and
1 _ "ol S
7-00 a=Fox (=12

Then each of the pairs f,. g, and f,, g, consists of disjoint functions which
satisfy (8.6). Hence, by (8.7),

N(fl) = N(82)2 N(fz) = N(&)-

Summing up these two equalities and using disjoint additivity we obtain

N(f) = N(g)-

Thus N satisfies condition (c).

By Theorem 7.1 and the remark following it, there exists a kernel H for N.
By (8.5), the function H, = H + G is a kernel for N,. This completes the
proof of the existence of a kernel for N.

If ¢ is a polynomial of order less than k and H_ is defined as in (1.1) then,

clearly,
(8.8) fIHq(f)dm =0, VfES,.

We shall show that, conversely, if H is a real function on I X R satisfying (4.1)
and

(8.9) [ H(Ham =0, vies,

then H is equivalent to H, for some polynomial ¢ of order less than k.
In order to prove this statement we consider separately the odd and even
parts of H, defined as follows,
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{He(" a) = [H(,a) + H(,—a)]/2,

(8.10) H,(,a) = [H(,a) - H(,—a)]/2.

Let U € 7 and let {U;, U, } be a partition of U into sets of equal y,-measure.
Then (8.9) and (8.10) imply that

LHe(t,a)dm =-/;/| H,(t,a)dm +fuz H(t,—a)dm =0, Va € R.

Thus, for every real a,
(8.11) H.(t,a) =0 forae.tinl
By (8.9) and (8.10),

leo(-,a)fdm =leo(af)dm =0, Vfe &, VaeR

Hence, by Lemma 6.5, H_ (-, a) is equivalent to a polynomial of order less than
k, for every real a. Let

k .
(8.12) H (t,a) = ; cj(a)t"', for a.e. tin I, for Va € R.

Set ¢(a) = (¢;(a), . . .,c,(a)) and note that —¢(a) = ¢(—a).

Let a, b be two positive numbers. Let U be in 7 and let {U}, U, } be an (a, b)
partition of U, with respect to p,. (The definition of an (a, b) partition is given
in the proof of Theorem 7.1.) Then by (8.9), (8.10) and (8.12) we have

2(@) - m(Y) — 26) - (L) = .

Hence, [bt(a) — ac(b)] - 1, (U) = 0. Since the range of p, is k-dimensional, it
follows that

bc(a) — ac(b) =0, Va, b > 0.

This, together with the fact that ¢ is odd, implies that
(8.13) ¢(a) = aC,

for some fixed vector C = (¢;,...,¢;). Let q(r) = E,kcjtj", t € 1. Then
(8.12) and (8.13) imply that H, and H, are equivalent. Therefore, in view of
(8.11), H and H, are equivalent. This completes the proof of the theorem.

9. Continuity properties of the kernel; completion of proof of Theorem 1.3. In
the previous sections we established the existence of a kernel (in the sense of
Theorem 4.1) for continuous, disjointly additive functionals on §,. In this
section we obtain certain continuity properties of the kernel or, more precisely,
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of an operator defined by it. Then, using these properties, we show that, under
the assumptions of Theorem 1.3, this kernel is equivalent to a Carathéodory
kernel.

LEMMA 9.1. Let N be a functional on § satisfying the assumptions of Theorem
4.1 and let H be a kernel for N.

(a) If { £} is a (bm)-convergent sequence of simple functions, then {H(f,)} is a
Cauchy sequence in L' (I).

(b) Suppose that, in addition to the previous assumptions, N is continuous on &
with respect to the I norm, p € [1, ). In this case, if { f,} is an I-convergent
sequence of simple functions, then {H(f,)} is a Cauchy sequence in L.

(c) In both cases, if the sequence converges to a simple function f, then
L' - lim H(£) = H(f).

Proor. We shall prove (a) and (b). Statement (c) is an immediate conse-
quence of the previous two. The argument given below will refer simultaneous-
ly to both (a) and (b), unless otherwise stated.

Set D = UPK(f,). We note that, in view of the fact that H(-,0) = 0, it is
sufficient to prove (a) and (b) in the case where m(D) < }. Therefore we
assume that this holds.

Let f = lim f, (with respect to (bm)-convergence in (a) and I -convergence
in (b)). Obviously K(f) C D. Let E be a set in 7, disjoint from D, such that
m(E) = }. By Lemmas 3.1 and 3.2, if M is a sufficiently large positive number,
there exists a measurable simple function A4 such that

©.n h=Mxy—xy) KB CE k) =pk(f)

Set f*=f, — h, f* = f — h. Note that { £*} also satisfies the conditions of (a)
(respectively (b)) and

limf* = f*  (with respect to (bm)-convergence
in (a) and I’-convergence in (b)),
92) e (with p = oo in (a)),

m(D*) <3,  where D* = Cle(j;'*)'

We proceed to prove that {H(£*)} is a Cauchy sequence in L'(I). Clearly, this
will imply that {H(,)} is a Cauchy sequence in L.
Denote

EY = {t € [0,1]: HFY)() — H(S*) () > 0},
E;; =[0,1\E;.

Then
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©03) Iy = [ H(*) - HGldm = [ [H(g, ) - H, )]dm
where

(9.4) gl.j = f;'* XE,‘I + -6* XEI.J and hi~j = jj:* XEIZ + ﬁ* XEI./ .
Clearly, (9.2) implies that

(9.5) lim g, = hm h; = f*,

i.j>oc i

with respect to (bm)-convergence in (a) and I”-convergence in (b).
In addition, in case (a), {g; ;} and {h; ;} are bounded families of functions.
This together with (9.2) and (9.5) implies that

(9-6) i‘}ij,“w (8 ;) = i,}i@x i (hy ;) = B (f*) = 0.

Hence, in view of the fact that m(D*) < 1, if i, j are sufficiently large. (say
i,j > ny), there exist simple measurable functions g; ,jand h; ; such that

g;;and h;. ; are each a difference of two characteristic functions,
K(g,;) N D* = K(h;;) N D* = @,
9.7) i‘}imw m(K(g, ;)) = i._]/'i—r>noo m(K(h; ;)) = 0,
ﬂk(g,;j) = (%), l&k(hi,j) = p‘k(zi.j)‘

This is a consequence of Lemmas 3.1 and 3.2. By (9.7), lim, ;& ;

= lim, ;_,o, #; ; = 0, with respect to convergence in measure and hence w:th

respect to L7 norm for every g € [1, ). Also, in case (a). {g; ; — &, ;} />, AN
{h - b j}, g ATE bounded families of functions. Hence, by (9.5), (, 9.7) and
the continuity property of N, we obtain

(©-8) i.}i—lpoo N(gi;—8j) = i,,lji—rpoo Nk =R ) = NS *).
Note that, by (9.2), (9.4) and (9.7)

K(g,-‘j) n K(gi_j) = K(h,;j) n K(Z,’J) =g
Hence, by (9.3) and (4.2)
I, = f, [H(g;, — 8.,) — H(h ; — b, )ldm — I} ;

= N(gi,j - gi,j) - N(hi.j - Zi.j) -1

(9.9)
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where I} ; = f, [H(- g.;) — H(- —h, )]dm In view of the fact that H(-1)
and H(:, —l) belong to Ll (7). 9. 7) implies that lim; ;. I’ ; = 0. Hence, by
(9.8) and (9.9), lim; ;_,, I ; = 0. This completes the proof of the lemma.

We are ready now to complete the proof of Theorem 1.3.

PrOOF OF THEOREM 1.3. Let H be a kernel for N in the sense of Theorem
4.1. We define an operator %: 17(0,1) — L'(0, 1) as follows.

Given f in IP(0,1), select a sequence of simple functions {f,} which
converges to f with respect to the I norm. Set

(9.10) H(f) = L'~ lim H(f,).

By Lemma 9.1 the limit exists and is independent of the choice of the
approximating sequence { f,}. Moreover

9.11) H(f) = H(f) whenever fis a simple measurable function.

The operator J( possesses the following properties:

(@) X(x) = (S xg. Vf € L2(I). VE € =

(B) I is continuous with respect to the I norm if 1 < p < oo and with
respect to the (bm)-topology if p = .
This follows from the fact that H(-,0) = 0 and from Lemma 9.1(a), (b).

By [S, Theorem 3.3], properties (a) and (B8) imply the existence of a
Carathéodory function H*: [0,1] X R — R such that

9.12) I(f) = H*(f). Vf e (0, 1)

By (9.11) and (9.12), H(f) = H*(f) wherever f is a simple measurable
function. Therefore H * is also a kernel for N (in the sense of Theorem 4.1).
Thus we have

(9.13) N = [H*(Ndm. Vi€,

Now let f € M%. By Lemma A.2 (see Appendix) there exists a sequence
{/,} in §, which converges to fin L°(). By (B)X(f,) = %(f) in L'(I). By
property (ii) of N, N(f,) = N(f). Hence (9.12) and (9.13) imply that

(9.14) N(f) = [ H*(frdm. Vfe .

This completes the proof of the existence of a Carathéodory kernel for N.
The characterization of the set of all Carathéodory kernels for N, as stated
in the theorem, is an immediate consequence of the parallel characterization
in Theorem 4.1. Finally, the fact that conditions (i) and (ii) are necessary for
the existence of a Carathéodory kernel, has already been proved in §1.
This completes the proof of the theorem.
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10. The representation theorem for operators. In this section we prove
Theorem 1.4. But, first we give two auxiliary results.

LemMA 10.1. Let 3C: 5, — L (1) be an odd disjointly additive operator such
that

(10.1) K@(f)) € K(f), VfES,.
Let h, f,, f, be simple functions such that
(@) K(7) N (K(/) U K(f)) = &
(b) iy () = i (f) = i (f2)-
Set U = K(h). Then
(10.3) K = Pxy = 3 = Wxy-

(10.2)

ProoF. First assume that in addition to (10.2), the functions f;, f, satisfy the
condition

(104) K(f)) N K(f,) = D

Then, by the same argument that was used in the proof of Lemma 2.2, we
have

(]0-5) ‘Jc(fl ’fz) = 3C(f| —h) - ‘JC(fz = h).

Clearly, (10.1) and (10.5) imply (10.3).
Now, consider the general case where f}, f, are any two simple functions

satisfying (10.2).
Let
Vi
f; = jgl a;jXs, (i=12),
where {S; ;) is a partition of /. Set n{,, SiyN Sy, 1 <1<y, 1<

< 7. Let {JW, Wi, } be a partition of W], into sets of equal p, measure and
define

{f P- E bisnxw,y S =Zbiyaxw;, (=12),
Where bl,I,n = al.[’ bz’[’n = 02’”.

Then we have

f,: =f: +fi”’ Ilk(f;) = ﬂk(fi”)9 (i = ],2),
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We consider also an arbitrary p,-uniform decomposition of 4, say {’,h”} and
denote U’ = K(#'), U” = K(h"). Then, by (10.6) and the result proved in the
first part of the proof, we have

K= W = K5 = Bhs 3G = KOs = (S = K g

In view of (10.1), these inequalities remain valid if we replace
xy- and xy- by xy, (U = K(h)). Hence, summing up the two equalities, we
get (10.3).

Lemma 10.2. Let % §, — L(I) be a disjointly additive operator satisfying
condition (10.1).
Then, there exists a function H: I X R — R such that

H(,a) € I!(I), Va€R,
(10.7) {H(',O) _o
and
(10.8) X(f) =H(f), VYfES,.

Proor. The operator 3 may be written as the sum of an odd operator and
an even operator, each satisfying the assumptions of the lemma. Therefore it
is sufficient to prove this lemma in the case where I is odd and in the case
where ¥ is even.

Suppose that ¥ is odd. Let @ € R and let U be a set in 7 with m(U) < 1.
Then there exists a simple function g such that

(10.9) K@ NU=g and j(g) = an (V).

This is a consequence of Lemmas 3.1 and 3.2.

By Lemma 10.1 the element of L'(I) given by I(ax, — g)xy is uniquely
determined by U (provided that g satisfies (10.9)). Thus for any a and U as
above we set

(10.10) Hy(,a) = Xlaxy — &)xy»

where g is any simple function satisfying (10.9). If ¥ is a measurable subset of
U then

Hu(’a a)XV = ‘JC(aXU -8 )XV = ‘JC("XV -(g- aXu\V))XV
so that

(10.11) Hy(,a) = Hy(,a)xy .
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Now let {U}, U, } be a partition of I into measurable sets of positive measure.
Then HL',('~") + Hb,z(',a) as an element of L'(1) is independent of the
particular choice of the partition. This is a simple consequence of (10.11). Set

(10.12) H(-.a) = HL-I('.a) + Hy(.a), Va €R.
From (10.11) and (10.12) we obtain
(10.13) Hy(.a) = H(~a)x,. YU € ,Va € R.

Let H: I X R — R be the function defined by (10.12). Then clearly it satisfies
(10.7). Also, (10.10) and (10.13) imply (10.8).

Now consider the case where X is even. If U € 7 and {U}, U} is a partition
of U into sets of equal p, measure, then ‘JC(a(xL| - xL,z)), (@ € R), is
independent of the particular choice of the partition. This is proved in the
same way as formula (2.5) (see proof of Lemma 2.1). Set

(10.14) Hy(-.a) = Klal(x,, — x,) Va € R
If we denote H,(-.a) by H(:,a), then
(10.1%) H (.a) = H(.a)x,, VYU € 1,Va € R.

Indeed, by (10.1) and (10.14), K(H,(-.a)) € U. Alsoif U € rand V = I \U,
then (by (10.14) and disjoint additivity), H (-,a) + H,.(-.a) = H(:,a). These
two facts imply (10.15).

Clearly, the function H: I X R — R defined above satisfies condition (10.7).
(Note that (10.1) implies that 3((0) = 0, so that H(-,0) = 0.) We proceed to
show that it also satisfies condition (10.8).

Letf € §.f = =/, a;xs . where {S,}] is a partition of 1. Let {S/,S"} be a
partition of S; into sets of equal y, measure and set

n n
fr= igl a;Xs:» fr= igl a;Xs-
In view of the fact the 3 is disjointly additive and even, we have
() = H(Sf) + HK(f7) = K = f")
n
= ? 3((0;()(5; - XS“‘))
n
= 3 Hy(a) = H(p).

This completes the proof of the lemma.
We turn now to
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PROOF OF THEOREM 1.4. Let H be a function satisfying (10.7) and (10.8) with
respect to the given operator JC. If f is a measurable simple function, then
H(f) € L'(D).

We claim that H possesses the following properties:

(a) If p = oo and if { £,}]" is a (bm)-convergent sequence of simple func-
tions, then {H(f,)};" is a Cauchy sequence in L'(1).

(b) If 1 < p<ooandif {f); is an LP-convergent sequence of simple
functions, then {H( f,,)};’o is a Cauchy sequence in L' (7).

(c) In both cases, if the limit of {f,} is a simple function f, then H(f,)
- H(f) in L'(1).

Let D = U K(f,). Clearly it is sufficient to prove these assertions in the
case where m(D) < 1. Let f = lim £,» with respect to (bm)-convergence in (a)
and [’-convergence in (b). If M is a sufficiently large positive number, then
there exists a function A such that

(10.16) {Z =Mxy—x). mKK)<i KhnND=g,
k

() = g (f).
This is a consequence of Lemmas 3.1 and 3.2.
Set
(10.17) ff=f-n f =f,—h

Note that lim f* = f*, with respect to (bm)-convergence in (a) and I’-
convergence in (b). Hence, in both cases,

(10.18) MR = B () = 0.

Let D* = UPK(£*); note that m(D*) < }. In view of (10.18), if n is
sufficiently large, (say n > ng), then there exists a function A, such that

(10.19) {h" = X, T Xy 1:(’:,,) ND*=a ) =)
m(K(h,)) < colf (£5)N,

where ¢ is a constant independent of n. (We recall that for x = (GO
€ Ry, x| = max(|x,|,...,|x;]).) Again, this is a consequence of Lemmas
3.1 and 3.2. Further, (10.17)~(10.19) imply that

(10.20) limh, =0 and lim(f*-h,) = f*,

with respect to (bm)-convergence in (a) and I”-convergence in (b). Moreover
( f”* —h,) € §;,(n > ny). Hence, by assumption (ii),

WL = h,) = H(*) in ().
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Therefore, by (10.8), {H(f* — h,)},- is a Cauchy sequence in L'(I). However,
by (10.7), H(£,) = (H(£* — h,))xp, (n > ny). Thus {H(f,)} is a Cauchy
sequence in L' (7). This proves assertions (a) and (b). Once these assertions are
proved, (c) is obvious.

Now let f € I7(I) and let { f,} be a sequence of measurable simple func-
tions converging to f in IP(I). Then, by (a) and (b), the L' limit of {H(f,)}
exists and is independent of the particular choice of the approximating
sequence { f,}. Set

(10.21) I*(f) = L' - lim H(f).

The operator 3C*: IP(I) = L'(I), defined by the above formula, possesses the
following two properties:

(@ 3C*(fxg) = X (f)xg, V€ LPU)VEE T

(B) 9C* is continuous with respect to the I norm if 1 < p < oo and with
respect to the (bm) topology if p = oco.
This follows from the fact that H(-,0) = 0 and from properties (a) and (b) of
H.
By [5, Theorem 3.3], (a) and (B) imply that there exists a Carathéodory
function H*: I X R - R such that

(10.22) I*(f) = H*(f), Vf e IP(I).
By property (c) and (10.21),

(1023)  9C*(f) = H(f) whenever fis a simple function in I7(7).

In particular we deduce that, H(-,a) = H™*(-,a) for every real a, the equality
being understood as Lebesgue equivalence. By (10.8) and (10.23)

(10.24) WK*(f) = H(f), VfES.

Since §, is dense in M with respect to the I norm (1 < p < o) (see
Appendix), (10.24) and the continuity properties of 3 and IC* imply that
I*(f) = H(f), Vf € 2. Finally, by (10.22),

() = H*(f), ¥f € 9.

Thus H* is a normalized function in Car? satisfying (1.7). It is easily seen that
these properties determine H* uniquely up to equivalence.

The fact that the assumptions (i)—(iii) are necessary was shown in §1. This
completes the proof of the theorem.

Appendix. The object of this appendix is to provide proofs of two auxiliary
results that were used in previous sections. First we shall show that sp 52 is
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dense in 9%, . Then, using this result, we shall prove Lemma 6.5.

LEMMA A.l. Let f be a rational valued function in §,. Then f € sp 62.

Proor. First we consider the case kK = 1. It can be verified that every
function f in § can be written as a sum, f= h + -+ + h,, such that
hy, ..., h, are disjoint functions in &. If, in addition, f is rational valued then
hys ..., h, will be rational valued. But, it is easily seen that every rational
valued function in &, belongs to sp 6?. Therefore the lemma holds in the case
k = 1. Now, consider the case k > 1. Without loss of generality, we may
assume that

(A1) m(K(f)) < pi(3),

with p; () as in Lemma 3.1. Otherwise we consider a p,-uniform decomposi-
tion of f.

Thus, we assume that f satisfies (A.1). Let D = I\K(f). Since p,(})
< § we have m(D) > 1. By Lemma 3.1, there exists a y,-independent family
of sets e=1{4,,... k} such that 4, ..., 4, C D and p(@) > p,(}). Let
{Z }l and = be as in Definition 3.2. By Corollary 3.3, there exists a =-
representatwe of f, which we shall denote by f. Clearly f—-f€sp 6k
Therefore, the proof will be completed if we show that f € sp 5k

Set f = 2, g; where g; is a Z-measurable simple function G=1,...,k).
Then g; is ratlonal va]ued and, by Lemma 34, g; € §;. Now, on Z; we have,

e (U) = m(U) [, (4))/m(4))].

Moreover, the measure space (4 2, m) is isomorphic (modulo will sets) to the
Lebesgue measure space in [0,m(4;)], [6, p. 173]. Therefore, the validity of the
lemma in the case k = 1 implies that every rational valued functlon in Sk (21)
belongs to sp 8k(2) In partlcular g; belongs to sp &? (2, (U = . k).
This shows that f € sp 5k and the proof is complete.

LEMMA A.2. The linear manifold sp & is dense in ON% with respect to the I?
norm, 1 < p < 0.

PROOF. In view of Lemma A.1 it is sufficient to show that §f* = {f € §,: f
is rational valued} is dense in M5

Let f € 9% and let { f,} be a sequence of rational valued simple functions
which converge to f in IP(I). If there exists a subsequence { J,} such that
By (f, ) = 0 there is nothing more to prove. Therefore we may assume that
uk(f) # 0 for all n.

Let @ be a p,-independent family of sets and let = be as in Definition 3.2.
Let 7, be a rational number such that
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i (S)I7p(@) < 5y < 20 (£)I0().

Set " = rn"' fi,.(f,). Then | Y| < p(€) and, by Lemma 3.2, there exists a
S-representative for y\", say h,.Leth, = r.h,. Then max,|h,| = r, — 0. The
convergence to zero follows from the fact that . (f,) = i (f) = 0. Thus,
f,—h, € & and f,— h, = fin I’(I). This completes the proof of the
lemma.

Finally we provide

PROOF OF LEMMA 6.5. The assumption (6.20) and Lemma A.2 imply that

(A2) f: gfdm = 0, Vf € M2,

Suppose that g & B, = space of polynomials of order less than k. Then, by
the Hahn-Banach theorem, there exists a continuous linear functional on
L (I) which vanishes on B, but does not vanish at g. Thus, there exists an
element f, in L* () such that

(A3) flfogdm # 0 and flfoqdm =0, VgER.

The second of these relations means that f, € ;°. Therefore (A.3) contra-
dicts (A.2).
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